We compute the running of the scalar spectral index in general multi-field slow-roll inflation. By incorporating explicit momentum dependence at the moment of horizon crossing, we can find the running straightforwardly. At the same time, we can distinguish the contributions from the quasi de Sitter background and the super-horizon evolution of the field fluctuations.
Introduction
The recent developments in the observations on the cosmic microwave background (CMB) have constrained the main cosmological parameters for the simplest ΛCDM model with great accuracy [1] . These include the amplitude of the power spectrum of the seed perturbation, the primordial curvature perturbation R, and its running, i.e. the spectral index, which are constrained at 1σ confidence level by [2] log 10 10 P R = 3.089
+0.024
−0.027 , n R = 0.9603 ± 0.0073 ,
respectively. The primordial perturbation is believed to be generated during cosmic inflation [3] before the onset of the standard hot big bang evolution of the universe. Thus precise observations on the power spectrum of R have played a central role in constraining viable models of inflation and the underlying physics of the early universe [4] . There are, however, a number of compelling hints that we may need more parameters to describe the properties of the primordial perturbations. Especially, the recent detection of the B-mode polarization of the CMB by the BICEP2 experiment in the range 30 < ℓ < 150 indicates, if solely from the primordial gravitational waves, a large tensor-to-scalar ratio [5] , r = 0.20
although it is still debatable to pin down the fraction of dust polarization contribution [6] (see also [7] ). This is inconsistent with the Planck constraint r < 0.11 [2] , which may imply that the aspect of inflation was different on the scales relevant for Planck and BICEP2 observations respectively [8] . A more conservative, standard (maybe not sufficient alone though [9] ) way is to introduce the running of the spectral index,
Reconciling Planck and BICEP2 requires a large negative running, α R = −0.028 ± 0.009 [5] .
In the standard single field inflation, however, running is second order in slow-roll [see (23)] and is thus further suppressed compared to the spectral index, which is first order in slow-roll. Moreover, this standard result assumes a single degree of freedom for the inflaton field which is not necessarily the case in the context of model building based on high energy theories such as supergravity [10] -we may integrate out heavy degrees of freedom systematically to reduce to an effective single field description though [11] . Thus we need to extend the standard result for running to more general cases. In this article, we derive more general formula for the running of the scalar spectral index produced during slow-roll inflation driven by multiple scalar fields.
Momentum dependence in the δN formalism
We consider a general class of inflation model with an arbitrary number of scalar fields labeled by a, b, c, · · · ,
where γ ab is a generic field space metric and V (φ a ) is the potential. We do not assume any specific form of γ ab or V (φ a ), except that around the time of horizon crossing slow-roll approximation is valid.
We first note that the δN formalism [12, 13, 14] is a geometric relation in the configuration space. We choose two fixed initial and final moments, t i and t f respectively. Here, t i is some time during inflation soon after the observationally relevant modes have passed outside the horizon, and t f is some time after all isocurvature perturbations have decayed and the curvature perturbation becomes constant. Then, by choosing the flat slicing for the hypersurfaces at t i and the comoving one at t f , the final comoving curvature perturbation R(t f ) is equivalent to the difference in the number of e-folds δN between the comoving and flat slicings from t i to t f . Moreover, under the slow-roll approximation, we can eliminate the dependence onφ a (t i ) so that we can relate R(t f ) to the field fluctuations on the initial flat slice Q a (t i ),
where N a = ∂N/∂φ a and so on and we have expanded up to second order. In this setup, the momentum dependence is not explicit. Previously the k-dependence was computed by implicitly assuming that we are considering a function of both a(t) and k, with a fixed [13, 14] . We can, however, make the k-dependence more explicit by incorporating the horizon crossing as follows. We consider a certain mode with the momentum k, which crosses the horizon at t 0 < t i , i.e. k = (aH) 0 . Then, until t i at which we evaluate Q a for the δN formalism, each mode gains k-dependent e-folds as [15] 
Thus, the field fluctuations at the initial moment for the δN formalism are related to those at the horizon crossing by
where N 0 and N i are the number of e-folds corresponding to t 0 and t i , respectively, and D N is a covariant derivative with respect to N. Note that at non-linear level to keep covariance the distinction between the true field fluctuation δφ a = φ a (t, x) − φ a 0 (t) and Q a is important, with the latter in fact being a vector living in the tangent space stemming from φ a 0 [16, 17] . But at linear order δφ a and Q a are equivalent and we need not worry about keeping covariance at non-linear level. To proceed further from (7), we use the equation of motion for Q a on very large scales where the space-time metric is that of unperturbed Friedmann-Robertson-Walker one [17] ,
where a semicolon denotes a covariant derivative with respect to γ ab , R
is the Riemann curvature tensor of the field space, and the indices in the parentheses are symmetrized. Then, we can write (7) as
where all terms on the right hand side are evaluated at N 0 , and
In this manner, the k-dependence is manifest in two ways: through ∆N k and through t 0 = t 0 (k). But as long as we are interested in the leading order expressions, the momentum dependence through the latter does not show up except the one in H(t 0 ).
Running of the spectral index
Now we can readily compute the running of the spectral index. Moving to the Fourier space,
Then the power spectrum P R is given by
Using (11), we can write the two-point correlation function of Q a at t i in terms of that at the time of horizon crossing t 0 as
where close to horizon crossing
so that to leading order the standard power spectrum for a very light scalar field is reproduced. Here, ε ab is to leading order O(ǫ) and is slowly varying [13] . Thus its derivatives with respect to log k always give rise to sub-leading contributions. But the derivatives on H 2 (t 0 ) are of leading order. The rest leading order contributions are entirely from those multiplied by ∆N k .
From (14) and (15), we can easily compute P R to leading order
and we can then straightly obtain the spectral index as
which are in agreement with the known result. Now we can proceed further to find the running of the spectral index as
where η ≡ǫ/(Hǫ). Note that α R in this generic context with (4) was obtained in [14] in a different form. We can of course check both results are consistent by using (47) - (56) in [14] . While from that result one can extract valuable information, especially on geometry via projections of the potential derivatives onto certain directions, the merit of (19) is twofold. First, in deriving (19) we could clearly see where the scale dependence is contained. Previously this point was somewhat obscure. Second, we can readily distinguish the origin of each contribution in (19): as emphasized before, the first two terms are coming from the derivatives of H 2 (t 0 ) in the power spectrum, thus from imperfect de Sitter expansion of the background. Meanwhile the rest contributions are the terms multiplied by ∆N k , and thus are originated from the superhorizon evolution of the field fluctuations from the horizon crossing until the initial moment for the δN formalism.
As a check of our result (19), we consider the well known result in single field inflation. In this case, we can reduce
where the slow-roll parameters in terms of the potential and its derivatives are defined by
We can also write η in terms of these potential slow-roll parameters as η ≈ 4ǫ V − 2η V . Then, from (18) and (19) we can find
This is the standard result for the running in single field inflation.
Conclusions
In this article, we have considered a generic class of multi-field slow-roll inflation that can accommodate large numbers of multi-field inflation models, and have calculated the running of the spectral index. The result (19) is a combination of standard slow-roll parameters as well as geometric terms that include the field space curvature tensor and its derivatives. One possible source of a large value of running is the field space curvature. For example, consider R abcd ∼ e b(φ) which may arise in e.g. the Einstein frame action of generic scalar-tensor theories including variants of multi-field inflation models with non-minimal coupling [18] , where the kinetic sector of a two-field action becomes
This term is, however, multiplied by essentially m 2 Pl (V ′ /V ) 2 ≪ 1 so may be difficult to observe. Constructing a model of inflation, driven by no matter single or multi-field, that can result in large running seems to remain an open and challenging question.
